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Abstract
LetT be a tree with vertex set V. Let dv denotes the degree of v ∈ V . Let  = max{dv :
v ∈ V }. Let u ∈ V such that du = . Let k = eu + 1 where eu is the excentricity of u. For
j = 1, 2, . . . , k − 2, let
δj = max {dv : dist (v, u) = j} .
We prove that
µ1
(
T
)
< max
{
max
2jk−2
{√
δj − 1 + δj +
√
δj−1 − 1
}
,
√
δ1 − 1 + δ1 +
√
,+
√

}
and
λ1
(
T
)
< max
{
max
2jk−2
{√
δj − 1 +
√
δj−1 − 1
}
,
√
δ1 − 1 +
√

}
,
where µ1(T) and λ1(T) are the largest eigenvalue of the Laplacian matrix and adjacency
matrix of T, respectively. These bounds give better results than those obtained in
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1. Introduction
Let G = (V ,E) be a simple undirected graph. Let A(G) be the adjacency matrix
of G and let D(G) be the diagonal matrix of vertex degrees. The Laplacian matrix of
G is L(G) = D(G) − A(G). Both A(G) and L(G) are real symmetric matrices. Let
µ1(G) and λ1(G) be the largest eigenvalue of L(G) and A(G), respectively.
Let dv denotes the degree of v ∈ V . The distance d(v, u) from a vertex v to a
vertex u is the length of the shortest path from v and u. We recall that the excentricity
of a vertex u is the largest distance from u to any other vertex of the graph. Let
 = max {dv : v ∈ V } .
It is well known that for any graph G
√
  λ1 (G)  
and
+ 1  µ1 (G)  2.
Recently, in [1, Theorem 1, p. 36], Stevanovic´ proved that for a treeT with largest
vertex degree ,
µ1 (T) < + 2
√
− 1 (1)
and
λ1 (T) < 2
√
− 1. (2)
LetTk a rooted tree of k levels such that in each level the vertices have equal degree.
For j = 1, 2, 3, . . . , k, let us denote by dk−j+1 the degree of the vertices in level j.
Observe that dk is the degree of the root vertex and d1 = 1 is the degree of the vertices
in the level k.
For j = 1, 2, 3, . . . , k − 1, let Lj be the j × j leading principal submatrix of the
k × k symmetric tridiagonal matrix
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Lk =


1
√
d2 − 1 0 · · · · · · 0
√
d2 − 1 d2 √d3 − 1 . . .
...
0
√
d3 − 1 d3 . . . . . .
...
...
.
.
.
.
.
.
.
.
.
√
dk−1 − 1 0
...
.
.
.
√
dk−1 − 1 dk−1 √dk
0 · · · · · · 0 √dk dk


(3)
and let Aj be the j × j leading principal submatrix of the k × k symmetric tridia-
gonal matrix
Ak =


0
√
d2 − 1 0 · · · · · · 0
√
d2 − 1 0 √d3 − 1 . . .
...
0
√
d3 − 1 0 . . . . . .
...
...
.
.
.
.
.
.
.
.
.
√
dk−1 − 1 0
...
.
.
.
√
dk−1 − 1 0 √dk
0 · · · · · · 0 √dk 0


.
(4)
Let
 = {1, 2, 3, . . . , k − 1} ,
 = {j ∈  : nj > nj+1}
and let us denote by σ(M) the spectrum of a matrix M. In [2], we proved that the
eigenvalues of the Laplacian matrix and of the adjacency matrix ofTk are the eigen-
values of principal submatrices of the nonnegative symmetric tridiagonal matrices Lk
and Ak defined above. More precisely
Theorem 1
σ (L (Tk)) =
(⋃
j∈
σ
(
Lj
) ) ∪ σ (Lk)
and
σ (A (Tk)) =
(⋃
j∈
σ
(
Aj
) ) ∪ σ (Ak) .
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Corollary 2
µ1 (Tk) ∈ σ (Lk) (5)
and
λ1 (Tk) ∈ σ (Ak) . (6)
Proof. Eqs. (5) and (6) follow from Theorem 1 and from the interlacing property of
the eigenvalues of Hermitian matrices. 
The use of Corollary 2 will allow us to derive new upper bounds for µ1(T) and
λ1(T) in terms of the vertex degrees.
2. The new upper bounds
We begin this section proving that the bounds of Stevanovic´ given in (1) and (2)
are immediate consequences of Corollary 2. We recall the notion of a rooted Bethe
tree B,k [3]. The tree B,1 is a single vertex. For k > 1 the tree B,k consists of a
vertex u which is joined by edges to the roots of each of − 1 copies of B,k−1. The
vertex u is the root of B,k .
Example 1. The tree B5,3 is
We see B5,3 is a tree of 3 levels in which the vertex root has degree equal to 4, the
vertices in level 2 have degree equal to 5 and the vertices in level 3 have degree equal
to 1.
In general, B,k is a rooted tree of k levels in which the root vertex has degree
equal to − 1, the vertices in level j (2  j  k − 1) have degree equal to  and
the vertices in level k have degree equal to 1. From Corollary 2, it follows that:
µ1
(
B,k
) ∈ σ (Lk)
and
λ1
(
B,k
) ∈ σ (Ak) ,
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where Lk and Ak are k × k matrices given by
Lk =


1
√
− 1 0 · · · · · · 0
√
− 1  √− 1 . . . ...
0
√
− 1  . . . . . . ...
...
.
.
.
.
.
.
.
.
.
√
− 1 0
...
.
.
.
√
− 1  √− 1
0 · · · · · · 0 √− 1 − 1


and
Ak =


0
√
− 1 0 · · · · · · 0
√
− 1 0 √− 1 . . . ...
0
√
− 1 0 . . . . . . ...
...
.
.
.
.
.
.
.
.
.
√
− 1 0
...
.
.
.
√
− 1 0 √− 1
0 · · · · · · 0 √− 1 0


.
Now, from the Gershgorin theorem, we obtain
µ1
(
B,k
)
< + 2√− 1 (7)
and
λ1
(
B,k
)
< 2
√
− 1. (8)
These inequalities are Lemmas 1 and 2 in [1]. Stevanovic´ observes [1, p. 37] that for
each treeTwith largest vertex degree  there exists k such thatT is an induced sub-
graph of B,k . Since µ1(T)  µ1(B,k) and λ1(T)  λ1(B,k), the upper bounds
in (1) and (2) follow from (7) and (8), respectively.
LetT be a tree with largest vertex degree . Let u be a vertex ofT with degree
du = . Let k = eu + 1 where eu is the excentricity of u. For j = 1, 2, . . . , k − 1,
let
δj = max {dv : dist (v, u) = j} .
Observe that δk−1 = 1. Let Tk be the rooted tree of k levels in which u is the root
vertex and such that, for j = 2, 3, . . . , k, the vertices in level j have degree δj−1.
Clearly,T is an induced subgraph ofTk .
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Example 2. LetT be the tree
Then  = 5, eu = 3, k = 4, δ1 = 3, δ2 = 3, δ3 = 1. The corresponding treeT4 is
From Corollary 2
µ1 (T4) ∈ σ (L4) and λ1 (T4) ∈ σ (A4) ,
where
L4 =


1
√
2 0 0√
2 3
√
2 0
0
√
2 3
√
5
0 0
√
5 5


and
A4 =


0
√
2 0 0√
2 0
√
2 0
0
√
2 0
√
5
0 0
√
5 0

 .
Hence
µ1 (T)  µ1 (T4) < 5 +
√
5
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and
λ1 (T)  λ1 (T4) <
√
2 + √5.
For the treeT of this example, (1) and (2) give the bounds
µ1 (T) < 5 + 2
√
4 = 9
and
λ1 (T) < 2
√
4 = 4.
Theorem 3. Let T be a tree with largest vertex degree . Let u be a vertex of
T such that du = . Let k = eu + 1 where eu is the excentricity of u. For j =
1, 2, . . . , k − 1, let
δj = max {dv : dist (v, u) = j} .
Then
µ1 (T) < max
{
max
2jk−2
{√
δj − 1 + δj +
√
δj−1 − 1
}
,
√
δ1 − 1 + δ1 +
√
,+ √
}
(9)
and
λ1 (T) < max
{
max
2jk−2
{√
δj − 1 +
√
δj−1 − 1
}
,
√
δ1 − 1 +
√

}
. (10)
Proof. LetTk be the rooted tree of k levels in which u is the root vertex and such
that, for j = 2, 3, . . . , k, the vertices in level j have degree δj−1. Then, T is an
induced subgraph ofTk . We apply Corollary 2 to obtain
µ1 (L (Tk)) ∈ Lk
and
µ1 (A (Tk)) ∈ Ak,
where Lk and Ak are the k × k matrices given by
Lk =


1
√
δk−2 − 1 0 · · · · · · 0
√
δk−2 − 1 δk−2 √δk−3 − 1 . . .
...
0
√
δk−3 − 1 . . . . . . . . .
...
...
.
.
.
.
.
. δ2
√
δ1 − 1 0
...
.
.
.
√
δ1 − 1 δ1
√

0 · · · · · · 0 √ 


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and
Ak =


0
√
δk−2 − 1 0 · · · · · · 0
√
δk−2 − 1 0 √δk−3 − 1 . . .
...
0
√
δk−3 − 1 . . . . . . . . .
...
...
.
.
.
.
.
. 0
√
δ1 − 1 0
...
.
.
.
√
δ1 − 1 0
√

0 · · · · · · 0 √ 0


.
We now apply Gershgorin theorem to conclude
µ1(Tk) < max
{
max
2jk−2
{√
δj − 1 + δj +
√
δj−1 − 1
}
,
√
δ1 − 1 + δ1 +
√
,+ √
}
and
λ1 (Tk) < max
{
max
2jk−2
{√
δj − 1 +
√
δj−1 − 1
}
,
√
δ1 − 1 +
√

}
.
Since T is an induced subgraph of Tk , µ1(T)  µ1(Tk) and λ1(T)  λ1(Tk).
Thus the upper bounds (9) and (10) follow. 
Finally, we observe that√
δj − 1 + δj +
√
δj−1 − 1  + 2
√
− 1 for j = 2, 3, . . . , k − 2,√
δ1 − 1 + δ1 +
√
  + 2√− 1 except if δ1 = 
and √
δj − 1 +
√
δj−1 − 1  2
√
− 1 for j = 2, 3, . . . , k − 2,√
δ1 − 1 +
√
  2
√
− 1 except if δ1 = .
Consequently, the new bounds (9) and (10) give better results than the Stevanovic´
bounds (1) and (2) except if δ1 = .
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